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ON THE BEHAVIOUR OF SOLUTIONS OF DYNAMIC PROBLEMS NEAR THE EDGE
OF THE CONTACT DOMAIN OF ELASTIC BODIES'

I.V. SIMONOV

The asymptotic forms of the solutions of problems of linear dynamic
elasticity theory in the neighbourhood of a moving point of separation of
different contact and separation conditions of bodies of dissimilar nature
(collision and recoil /rebound/ problems) are studied. Conditions of the
type of inequalities of a kinematic, dynamic, and energetic nature are
taken into account. This enables complete a priori information on the
subsonic speed domains, where the solutions are singular or continuous,
or not realized, to be given.

The nature of the singularity of the solutions as applied to the
dynamics of cracks on an interface is investigated in /1, 2/.

1. Preliminary comnsiderations. Let us consider the domains ;, Q, = R® filled with
homogeneous linearly elastic bodies 1 and 2, §=Q,(1Q; is the common boundary (surface),

T @ is the edge of the contact domain, Q is a point belonging to a regular piece of both
the curve I' and the surface S, where the velocities e¢; and ¢, of the point Q@ with respect to
bodies 1 and 2 and the acceleration (d/dt)c; are bounded functions of t, and n is the normal
to I' at the point @ and a vector tangent to S.

Physically, the kinematics mentioned describe the collision of elastic bodies with smooth
surfaces at small angles, and possibly, for a large discontinuity in the tangential velocities.
The velocities of the particles w’ due to strains are considered to be small compared with the
wave velocities and are always calculated in reference systems frozen in media 1 and 2 and
do not change under a coordinate transformation. The reason for fixing the vectors w is the
non-invariance of the equations of linear elasticity theory under a Galileo transformation;
d/dt and 4/3t do not differ.

Localization in initial problems, correct in formulations, for the mentioned system of
bodies - the passage to a Cartesian coordinate system connected with the point Q and a non-
uniform stretching of the coordinates /2—4/,-resu¥ts in (canonically singular) limit problems.
They contain a truncated separating system of Lame motion equations to describe plane steady
motions (with velocities ¢; = n¢j)) of the elastic half-planes in the coordinate system z = z,
y = x,; the z axis is directed along m and the y axis is perpendicular to S. Separation and
imperfect contact conditions are posed for z>>0 and z<<0,y=0. By virtue of the specific
features of the passage to the limit (extension along the z, y axes would occur asymptotically
"more rapidly" than extension along the #; axis), the velocity components ¢;’ = ¢; — nc; tangential
to the curve I' will not occur in the limit equations of motion.

We discuss the question of the formulation of the contact conditions. The Coulomb dry
friction law (below, =z, y is a fixed unextended reference system)

T= —kOyv /| V|= Opmy = —km0ys (1.4)
and the linear law of viscous resistance to shear
T=MV =0y = Ny, m=1, 3 (1.2)
T = (01, Os3), V= (Vy, V), Um = [um] + v, (0%, 0°) =¢; — ¢4
will be mainly considered.

Here o;v umj are stress tensor and mass flow rate vector components, where the super-
scrip on the functions defines the medium (sometimes removed), v is the total slip velocity,
k>0 and n>0 are coefficients of friction, and the square brackets denote jumps in the
functions on transferring from the upper to the lower edge.

The viscous friction conditions are uncoupling. This is not so for (1.1): the functions
describing plane and antiplane deformation are related by non-linear dependences, which
complicates the problem. The main purpose of this paper is to obtain information on the
singularities of the solutions, principally about the highest terms of the asymptotic ex-
pansions, since the influence of neglected parts in the equations of motion can appear in
subsequent orders. Taking the above into account, we make a simplifying assumption about the
constancy of the coefficients of friction in directions
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kp = kv, /| v = const, m = 1, § (1.3)
We note that condition (1.3) is satisfied exactly if the initial formulation corresponds
to plane strain (kg =0, ¥, = ksgnv,) or plane shear &; =0, ky=*ksgny). In other cases (1.3) means
that the vector v does not change direction on approaching the curve I' and a posteriori
verification is needed.

2. Formulation of the pxoblem (plane strain). fthe desired functions um’ and

i on the interface y =10 of the elastic half-planes satisfy conditions of no stresses

Omi
for z>0 )
1) O’ =0, jym=1,2
and an additional condition of an asymptotic nature
[ugle]l = utley — uley = —dbldz L 0, 0 <2< 2y, Ty >0 2.0

(8 ig the distance between edges) preventing "overlapping" of the edges near the contact
point Q; one of the following conditions for =z<C0
2) slip with dry friction
[} = [0l = 0, 07 = —ky007, by >0
3) slip with viscous friction
lg] = lopl =0, a7 =npy, v, 5% 0
4) a condition of the "comb" type {roll over without contraction}
[y =o' =0, 6 =0 (here ¢ =26, 1°=0)
and additional conditions in the form of the inequalities
G’ {7, 0) <0, 2<<0; 0K F 0 2.2)

denoting no attraction forces between the surfaces and the extremity and non-negativity of
the energy flux F at the point z =y = 0 (discussed in /2, 5, 6/).

We use the complex representations due to Galin /7/ in a somewhat modified form which
is convenient for considering plane stationary problems of the theory of elasticity for
solving canonical singular problems. Introduction of the complex potentials 1w’ (z;) /2/ is
equivalent to satisfaction of the equations in the domains y >0 and y~<{0 {c should just
be replaced by ¢; in relations (1.3} from /2/).

On the interface y =20

o’ = Im 3%, 4 = ¢; Re {byyxy’ + ayxs'} (2.3)
Oy’ = Re 'y uy’ = —¢;lm {ayx,” + byyxa’}

By —By L ) o}
&y == —2ijj » bmj = .___~_‘2ij1' Ly ﬁmim 1 ?‘:'j

Zmy = Z + Pmy, B; = 2 (1 + Bo*h Ry = PyyBay — B,

Here ¢;;, ¢y; are the velocities of volume expansion and shear waves, p; are shear moduli,
R; are Rayleigh functions (cp; are single positive roots of the Rayleigh equations R;(c) = 0),
and m, =1, 2.

The estimates

[%m’| <Ccomst- [z, z=2;-0, jmli=12 (2.4)

result from the condition of finiteness of the flux F.

The equalities [0p] = [oy] = 0, that hold for all the conditions 1)-4) will be satisfied
if the relation between the functions ¥m’ are determined by analytic continuation relation-

ships K@= =K@ =112, ¥a'(2) =% (D) = %2 (2) (2.5)

The converse is true /2/. Taking account of {(2.3) and (2.5) we have

[u;] = ¢ Re {gy, + dy}, [fug] = —eIm {dy; + pa} (2.8)
dy = a; — £y, P = by + £obya, § = bay -+ cobyg
¢ =¢y, ¢ = Cyfe; = 1 + v°c

The velocities ¢; and ¢; are of the order of the wave velocities (otherwise, quasistatic).
Consequently, in practice p°c<€ 1, the velocities of motion of the elastic bodies themselves
are, as a rule, small compared with the wave velocities. The exception is ricochet when the
velocity of relative motion vy can be commensurate with the velocities ¢; and a linear
approximation still remains true. The approximation e¢;==1 is considered in conditions 2),

3) and below.
For the sequel the analysis of the zeros of the Rayleigh functions p (e), g(e), s{e) = d®> — pg
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as well as the function d(e)(c == (¢,,c,)) is important. For ¢ = ¢y (1,° = 0) this analysis and the
exposition of the physical meaning of the zeros, the velocities of a different kind of Rayleigh
boundary waves, can be found in /2, 8, 9/. For v°% 0 it is best to perform it for specific
realizations because of the remarks made, as well as because of the large number of parameters
and possible versions. The zeros of the functions mentioned and the solutions of the equation
ey == 0 are pricked out of the subsonic velocity domain under consideration |e¢; <) We
denote the set of velocities obtained by €° (the remaining parameters are fixed). Sometimes
degenerate situations are examined individually.

3. Mathematical method of solution. The problems examined below for the use of
complex representations and (2.5) reduce to a Riemann-Hilbert boundary value problem: f£ind
the vector function ¥(z)=({y;,%:) holomorphic in the upper z half-plane and continuously
continuable everywhere on the real axis with the exception of the point z = 0 by means of
the boundary condition

Im{DA} =0,y =4+0,0< |z|<to0 3.9
where D is a piecewise-constant non-degenerate matrix taking the values Dy, D, for z<{0,a>
0, the constraint (2.4) at the singular point 2z = 0, and the additional conditions resulting
from (2.1)-(2.3), (2.6) (not made specific here). The distinction fromthe formulation of
generalized Riemann~Hilbert problems 10/ is in the absence of the requirement of finiteness
of the order at infinity.

We note the general approach to the solution of problem (3.1) on the basis of investigat-
ing a generalized Riemann-Hilbert boundary value problem /10, 11/. The problem often uncouples
at once into a chain of two scalar problems for the components, each of which is reduced by
linear substitution to the form

Imy=0G;{x), 2>>0; aRey — bImy =G, (2), 2 << 0 (3.2)

where a, b & R!, G}, G, are Holder continuous real functions in their domains of definition; for
one of the components there will certainly be G, = Gy= 0. The general solution of (3.2) can
be represented in the form of the sum of a particular solution of the inhomogeneous problem
¥’y which is easily selected below, as a rule, and a general solution of the corresponding
homogeneous problem, the product of the canonical solution z¢ /11/ by the power series
=2°Py (8) + x° (), Px = No + Nz + ..., (3.3)

p = st arctg {a/b), b0, p= =1, b =0; N,= R.

We always draw a slit for uniformization of the ambiguous functions encountered along
the half-axis y =0,2<0, and we select the branch according to the condition —x < arg z < n.

If the problem is not split at once, we reduce it to a Hilbert problem /10/. We introduce
the piecewise~holomorphic vector Y {2z} with the jump line y =0 according to the rule

Y@ =D y>0 Y@=YE, y<0 (3.4

We formulate the conjugate problem for the vector Y (z)
Yr=YT, 23>0 Yr=AY e <0, A= DDDD5E (3.5)
Y@ =Y, y<0 |Y|<<const- |z ]|, z-»0 (3.6)

where the plus or minus superscripts denote contraction on the y =0 axis from above or
below. We find the eigenvalues of the matrix A, following /10, 12/,
det (A —AE) =0 3.9
In the case under consideration we have two roots of (3.7), MAy# 0, the singular points

are regular by virtue of {(2.4) /12/. 1If the roots are prime (hy 55 Ay}, then two linearly
independent solution exist for (3.6) /12/

C In,
Wm= Fm ENﬁn)zﬂ’ me= 1, 2’ Ng“) =C, Py == -——2’—‘?’— (3.8)
Ry

where the superscripts pm are selected uniquely from the interval —3%y<C Re pm < Y, i-.e., I An
is the branch of Ln A, for -—n< argim <o,
If A = Ay, then the linearly independent solutions have a more complex structure /12/
hond e
Wi=1z0 3 NP2", Wa=2 3 N32" + Minz Wi(3) (3.9)
= n=g
p = (In &)/(2n5), M, NSV =€

The solution % {z) is expressed in terms of the vector W = (W,, W,) Dby.means of the
linear transformation )
% =38W (3.10)
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Definite constraints, which it is desirable to find, are imposed on the coefficients of
the non-degenerate matrix B = {B,s), To do this we allow the possibility of diagonalization
of the matrix by using the matrix T /13/

A O r }!1 1
0 Rl wkh 23

The substitution Y = TW in (3.5) results in a split conjugate problem for the vector

THAT = A =

w

W= W, 2>0 W = AW, 2 <0 (38.11)
whose solution is defined by (3.3) for A, 5+ A, while the solution of the original problem
(3.1) is now written in the form

X=DNYy, Yo, ¥i= W, + Wy, ¥y = t,W, + t,W,

Conditions resulting from the first requirement of (3.6): 7TW (z)=TW (i) are imposed
on N,™., Thus, if the numbers p, are real (and distinct), then this equality is equivalent

to the condition Wn (2) = W, (Z), which means
N ™eR,n=0,1,2,....,m=1,2
If the numbers pm are complex, then

g1 = Py &y = Iy, 2P =

I o 4f____ R
W(z)xr‘lrwwzih OI§W<E)=>Wm(z>:Wz<E>

and the necessary and sufficient constraints on the coefficients N.,.(m) are
NSO =N n=0,1,2,..5ml=12 ms=1

The transformation Y = I'W becomes degenerate in the case of multiple roots, and
problem (3.11) generates just one linear independent solution. As is shown in /12/, the other
has the form (3.9), and the relation between the coefficients B, and the constraints on
the coefficients M, N, will be sought by direct subsitution of (3.10) into (3.1).

The solutions (3.8), (3.9) form a subgroup similar to that requiring homogeneity of the
boundary conditions. The functions b Wn{bs3), by, b =R, m = 1,2 are also solutions.

Results without intermediate calculations and, as a rule, without reference to this
section are announced below.

4, Slip with dry friction-separation. we formulate the boundary value problem
for the vector % (z}, an adequate physical problem for twoe elastic half-planes under contact
conditions with slip and dry friction in the domain z<C0, y =0 and no stresses for x>0,
y=0

I

Imy, =Rey,=0,plmy, >0, 2>0 (4.1)
Im ¥y = —k; Re %y, Im {dy; + pxs} = 0, k> 0, 20

where condition (2.1) is taken into account. We also take account of conditions {(2,2) and
(2.4).

This problem separates intc a homogeneous problem for the component Y3 and an inhomogeneous
problem for the subsequent determination of the function %; whose solutions are

%1 = Puyz) + k2Pr(2), 3y = i2°Py (2), y > O (4.2)
p = ntarctg [—pl/lkd)), d# 0

[, ] ~ eqhaptm N, + cgMy, [ug] ~ — cpaPmNopy, 2> 0

O1y = ~—k10gy, Ggp ~ (—1)™'sin (mp) | P*™ N

[} ~ (—~1)™ eqoky™? cos (mp) | & [P*mNp + cg My, 2 <20

F=04=kq+p

It is assumed here that the coefficients N, N; can vanish. We select the number m for
confirmation of the inequalities from (4.1) and (2.2) under the condition that m is the least
of the possible integers. We always determine the signs of the functions from the sign of
the highest term of the asymptotic form as |z |— 0. Let us formulate the results of this
analysis. The domain of existence of the singular solution {p<<0,dpk; >0, Ny<<0,m =0) is
the set of points ee= €, given by the formula

P<<0{() {cgo<< 0 ) Ige = 0[] dp (eg M, + v") > 0} &3
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This is the domain of super-Rayleigh subsonic collision velocities. In the remaining
cases the solution is continuous at the point z =0 and the number m is selected according
to the conditions (v, =~ v,° + egM, == 0)

dn<0Np=20=m=0p>0 N,>0 (4.4)
doy,<0p<<0=m=2,p<<0, N, <90
doy > 0=m =1

from which the solution {4.3) should be eliminated. The systems of inequalities (4.3) and
(4.4) are not contradictory and their solutions do not intersect, which indicates the
solvability of the initial formulations of the problems. The version Ny=N; =0 is realized
for super-Rayleigh subsonic recoil velocities if ¢; == ¢y <C 0.

We will now analyse limit situations. The case ¢ =10 is in no way remarkable. For

p=0 p=0 andthe solution is regular at the point z = 0. In the important special case
d =0 (for instance, identical materials and <; = ¢;) the changes in (4.2)-(4.4) are:
p= =y F=~Y,epN?:>0, pNm >0, (—~1)"Nm<<0=> (4.5)
PSSO Nep<<0=2m=0, Ny<<0
p>0=m=1, N;>0, N,=0
p<<O0ep>0=2m=2, N;<<0, Ng=N, =0
{regarding the calculation of the flux F for p= —%, see /3, 14/; F=0 for p> -— .
In the other limit case k; = 0 (no friction)
%y = Py (2), 1o = iz"ePy (2) (4.68)

and the system of inequalities from (4.5) governing the selection of the number m, the number
for the beginning of the series Py (2), remains in force.

5. Slip with viscous friction - separation. The boundary conditions of the
Riemann-Hilbert problem are formulated as follows (y = O):

Im %y = Rey, =0, p°Imy, > 0, £ >0 5.1
Im ¥ = ne Re {gx; + dyo} + Wy,
Im {dxy + pya} =0, 2<0

and conditions (2.2) and {2.4) should be appended. We find the particular solution in the
form

©

=—~{eg)vy°, =0, ¢#£0 ' =ntwllnz, C=ip"dp’, ¢=0:
Following Sect.3, we introduce the vector Y = (¥, iY,) for which we obtain problem
{3.5), (3.6) where

y —2ncdpf o
Zedg  —y | VTP

A == p 4 ines, s = d* — pq, s, = d* 4 pq

Do =

We calculate the roots of (3.7) and the coefficients diagonalizing the matrix T
Ma= AY(ines, £ VB), b = pt + 02 (& — s?) (5.2)
V>0, b>0VE=1iV[bhb<<0
i = (21 edp)p FVb)

The function »{¢} plays an important part in the subsequent analysis. Passage through
this function denotes a qualitative passage from solutions with monotonic singularities to
solutions with singularities ¢f the oscillating type. It can hence be seen that zeros of
this function exist at least for ¢ =g¢ including even in the pre-Rayleigh velocity range.
Because of the large number of possible versions, we do not perform a detailed analysis of
the zeros of the function b but we denote the set of points ce R* where b5>0 by ¢, (the
remaining parameters are fixed) and the set of points where b« 0 by C_ while €, is the set
of zeros of the function b.

Let eex C,. Then we have the case of prime roots Ay and real superscripts p,. As follows
from (3.8) and (5.2)

. -
Apl=1, —Ys<lp,,<Ys, Hty= —i‘ v Pra = arctg%%—b- ; (5.3)

h,he R
pe> 0N ep <O My L pn <O, pg>0N > 0= 0 ppn < Yy,
m=1,2,p9<0=> Yy < psgne 0, O prsgnc <,
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The mention made above regarding the signs of p, are still inadequate to make a judgment
on the singularity domains of the solutions. This is finally clarified in verifying the in-
equalities. The general solution of problem (5.1) has the form

X1 = Wi+ Wy + 1.° ixg = t, W, -+ , W, (5.4)
where the functions W, are defined by (3.8). The deduction that the solution undergoes an
infinite discontinuity at the point z=0 (at least one of the numbers p, is negative and
N0, m=1,2) in the set

p<O0N{pa>0Necp <O Upg<ONeeC,
and is continuous in the remaining domain €, in which XY™ +£0 if p>0Mpm>0 and N™ =10 if

E>0Npn<OU@E<ON pm>0)
follows from conditions (2.1) and (2.2) (F=0) and (5.3), (5.4).

According to the remarks about the intensity coefficients, the stress and velocity
asymptotic forms on the interface can be written down by using (2.3), (2.6), (5.4) as well as
in the domain |[: |<£ 1.

Zeros of the function g belong to the set C, We will present the solution in this
degenerate case

X1=—1edPPy (z) +pratng, e =iPPy (3)+3° N, &R,
p = sl arctg (p/(ned))

Its analysis duplicates the analysis of the solution in Sect.4. It is curious that for
¢=0 the functions [y]= —un", o1’ = const (j),ofn2 =0, j, m =1, 2,correspond to the particular solution
¥® = —(e@™'° 4°=0, i.e., it compensates the given slip velocity v,

In the domain C. we have

Mby=1, t; =1, |t|=Vdp, ep >0 (5.5)
p=p=p +ip’, pp=F; 2ap’ = argh,
—n<arg b < w 2np” = 1In | Ay |

and the solution %(z) is defined by (3.8), (5.4). The expansion 6(z) is sign-variable for
z>0, a consequence of oscillating type singularities. There is no success in satisfying
conditions of the inequality type in C.. Therefore, the formulation of problem (5.1), meaning
also the corresponding initial problems, contains a defect, and such a combination of conjugate
conditions of elastic half-planes is not realized if e¢eC_.

The gquestion of eliminating the defect remains open but we note that the oscillation zone
of the solution occupies thedomain

rl<inlp'ln|z|Zn=|z]<exp(—2n¥ln|A[) =1,
Jh =B+ VB2 —1, Bo=|A|Tnes;>1

It is seen that for the values |A|3>:1 the characteristic dimension ! of this zone is
extremely small (it cannot be taken into account). Then an intermediate asymptotic form
exists for ly<€|z|<€ L, where L is the outer large characteristic dimension. In this domain
the solution is described approximately by (5.4), (5.5), where we should set p"=0, i.e., we
have a monotonic asymptotic form, for which confirmation of the additional conditions (2.1),
(2.2) already has meaning. In sum,. we obtain No=#0; p>0=p">0; p<0=p" < 0. However, there
are velocities for which ln|X |2 1. This is the neighbourhood of the points ;= Cg; eC. (M-
o as [cj|— Cgj)- The oscillation zone of the solution grows for near-Rayleigh velocities and
the solution found loses meaning. Analogous behaviour of the solution is remarked in an
analysis of the combination separation-complete contact /1, 9/.

The measure of the domain €. equals zero but the solution does not acquire an oscillating
nature for n=0 (no friction) or d=0. It can be said that the appearance of fluctuations
is related to the presence of two physical factors, viscous friction and inhomogeneity of the
materials.

Let c=Cy, M =My For p=0

p = 4n2%2%qd?, g0, d+0, t =t = (2nead)™?
s=d*(1 — %, s =a* (1 + 13, M= 2Meg <0
p=nlarctgn,, sgnp=sgn(cg), p=0=>A =H =1, p=0

The linearly independent solutions W,, are defined in (3.9), where M, N,™ = Rl.. We determine
the connection between the coefficients B,;e R' and M by substituting (3.10) into (5.1) and
equating coefficients of terms of identical power. Omitting the details of the tedious
analysis, we present the result. Two conditions should be imposed on the five numbers Bt
and M

Bys = 4,By3, By = t,By; + sty (Mo + Me™) MBy,

and since W, and W; already contain an arbitrary factor, we can set B, = B,; = 1. Therefore
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A= Wi+ Wy —vlcq), iyy = taWy + 4, Wy, t5 = 8 4 5ty (ng + 9" HM 15.6)
It can be verified that (5.6) satisfies all the initial boundary conditions of equality
type. Satisfying inequalities (2.1) and (2.2), we arrive at the deduction

PSONeg<O=p<0, N0, pog<O= N™ =0, N{™ %0
P2O0Necg>0=p>0, Nf™£0, m=1,2

Here F =10 because p> -1/,
We present the solution for the case d=0 (c=C°

= z{}PM &+ %0 Xe= iz—‘hpN {2} Mm Nn sRrR
¢ = n~tarctg (eg), sgn p = sgn (eg)
By confirmation of conditions (2.1) and (2.2) we establish

=0Nep<<0Np<<0=N, <0, F=—1,qNy?cp 5.7)
For the remaining values of the zeros of the function d{e): N, =0, F =1.

6. Slip with constant shear resistance-separation. In the previous versions
the friction forces sometimes grew to infinity as one approached the point Q. It is natural
to impose a constraint on these friction forces (as is repeatedly mentioned in the literature),
for instance, by setting g,, = 1; = const, t;», > 0 in the contact zone. Such a condition can be
interpreted as the presence of a thin strip of plastic flow (for example, /15/). The
corresponding problem for the function y (z) uncouples at once; its solution is produced below

Y1 = Py () + oty In 3, y, = iz Py (2) + idvy/p
M, N,,ER",F:;EO

For p=="0 the conditions of the problem are contradictory (73 %= (). By confirming the
inequality and the sign-matching condition for v; and v, we arrive at the following deductions

eEC, =N, <0, F=—Y,aN2 ¢p; C, = {c:p<<0{) ep<0} (6.1)
where ‘ds= 0= edt, <0, d=0=cg<<0

eEC, =>F=N,=0,N;,>0; where d==0= pdyp < (6.2)
0d=0=2p>0qg#%0=q<<0¢g=0=10, >0

Analysis of the cases Ny=N; =0, Nz 0,,.. does not alter conditions (6.2) in princinle.
Consequently, we concludé that the collision regime being studied is realized for not all
subsonic values of the velocity €. Under conditions (6.1), the solution is singular, under
conditions (6.2) it contains lnz but satisfaction of the condition g <0  is required in
addition to ¢ "not belonging" to the domain mentioned in (6.1). However, it is important to
clarify whether there are intersections of the domains of non-realization of the contact
conditions 0y = T, with the sinqularity domains in the dry and viscous friction cases. It
can be shown strictly that these intersections are empty sets. Hence the deduction: when
it is necessary to restrict friction, a scheme with a thin plastic strip is suitable; when
this scheme is unsuitable (it is impossible to introduce plasticity outside the contact point
Q) , the plasticity condition can be replaced by one of the friction conditions and a physically
meaningful result can be obtained (with the stipulations of Sect.53) with a smooth growth of
the stresses on the contact area. In other words, the problem of determining the singularities
with alternative conditions on the contact area (friction, the plasticity condition) is
solvable.

7. Separation-condition of the "comb" type. This case models the adhesion of gear
transmissions, say, with fine and particular teeth. The boundary value problem{3.1) with
condition 1)~4) is split, and the answer is

X1=T1”PN (Z), %2 = iPM (Z), Nnv MRERx
> 0N =0, F= Yymeg N2 >0,ecq< 03Ny =F =0

The stresses and velocities are singular, particularly in the velocity range 0 << ¢ << ¢gj,
j=1,2 ("engagement of the gear teeth" occurs). In the opposite case 0 < —¢ << cp; the
desired functions are continuous.

8. Formulation of. the plane shear problems. For the plane shear equations (w
is the displacement in the direction of the z, axis)
Bajwl, + wi,, =0, on' = ppw s .1

On’ = pw,’, w = —cuwy’
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we consider the following boundary conditions (y =0, j =12},
1°., No stresses {separation or slip without friction)
oy’ = 0
29, slip with dry friction
Uzsj = 8022_7" U%jva >0, {op] =0
3°©, slip with viscous friction
O’ = Moy = 0 (v; = w° -+ [ug))
In all cases the inequalities (2.2) are additional conditions. We introduce the piecewise-
holomorphic function @ (z; by means of the formulas

O = e iy’ -+ fon”s @ ) = —D @), ¥y >0 (8.2)
j . [ [
Gas :Im(D(zz].), [} =B Be @ (z {-i0}, :,}.L.;é;{-{-g;g;

which is equiavlent to satisfying the equation of motion in the domain and the condition
[oisl = 0 on the interface.

9. Slip with dry friction - separation. we substitute the expression for g,
from solution (4.2) in the boundary conditions to determine the function @ {z) corresponding
to the physical conditions 1© and 2°

Im® =0, 20 Im® = —kyog (z, 0), pgIm O >0, 20 (y = 0)
The function
O = kyiPPy (3} + Py (), Ln = R, Im 22> 0 [CAY)
is the complete solution of the problem.
We will write down the asymptotic form (y =0}

Ogg == 0, {us] ~ Bkszp*mNm + gLOQ z>0
Ty ~ {—1)" kg sin (np} | = P*N,,,
{ug] ~ (1) Bk cos (mp) | = P*" N, - BLy
where the number m is still selected according to the rules (4.3) and {4.4). From the con-

dition for matching the signs of v, and ks in the case p<« 0, m =90, ¥ <0 when the sign of u
determines the component . |z{f, the inequality <0 follows. It is not completely in

agreement with (4.3). Therefore, the combined singular solution is realized in a velocity
subset, shrunken as compared with (4.3), namely at the intersection
Cy={e:p<CON Cy} 9.2)

The a priori conditions (1.3) are here satisfied asymptotically. If ¢ =g¢ =r¢, then
(9.2) simplifies
Co={c:c<TON p<<ON lgh®+p)>0U (ghe? = —p [ dvy <O} (9.3)
and it is seen that the measure of the subset €, is substantially less than the measure of the
set €, (mesl;—0 as k,—0. For c¢&EC, it must be assumed that m-+p>0, and the number m is
determined by expanded rules (4.4). Then the soclutions {4.2) and (9.1) are not singular but

kr=ko v, oMy + 0% vs = Bly v 1=1,3
i.e., conditions {1.3) that are taken by assumption are asymptotically exact, where the error
is O(la2a™P)+ 0(z), z— — 0.

For k=0 solution (2.1) is regular for all e¢e C° while solution (4.6) is singular in
the domain (4.3), where &, should be set equal to zero. Every connection between these
golutions is lost but it is shown that the degeneration %k —0 is sometimes irregular.

Let us make general deductions about the case of contact with dry friction. 1In ¢° there
exist velocity ranges of the point Q forming a subset (,, where the solutions (9.1) and (4.2)
are singular and do not contradict all the assumptions made. These solutions are continuous
in the subset (°\ ¢, and, moreover, have velocities at which they possess smoothness at the
singular point according to (4.4}. Judging by (9.2) and (9.3), the measure of the singularity
domain of the solutions is small compared with mes ¢° and lies in the super-Rayleigh velocity
range.

10. Slip with viscous friction - separation. satisfying the boundary conditions
Im® =0, >0 Im® = Re ® + ny°, =<0
by the usual scheme, we obtain
@ = PP, (2) — v°B1, =Yy < p = arctg (B) < Yy, Ln = R
The velocity field w4 (z,y), analogous to plane strain (Sect.5), acquires constants
compensating the given slip velocity of bodies as rigid bodies. The solution is singular for
B« 0 and continuous for f>>0.
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PRESSURE OF A STAMP OF ALMOST ANNULAR PLANFORM ON AN ELASTIC HALF-SPACE’

A.B. KOVURA and V.I. SAMARSKII

The generalization of the problem of the impression of an annular stamp
without friction into an elastic half-space /1, 2/ is considered. The
contact domain has an axis of symmetry and is a ring bounded by curves
of almost circular shape. The half-space material is isotropic and
homogeneous. Determination of the pressure under the stamp reduces to
finding two functions of a complex variable, analytic in a circle, by
means of boundary conditions of mixed type. The unknown constants on the
right-hand sides of the boundary conditions are determined under the
assumption that the dimensions of the holes in the stamp are small. The
results from /3, 4/, referring to the case of annular or almost circular
stamps, are essentially used here.

1. A stamp with a flat base, whose side surface is formed by cylinders r =r (¢) and
r=ry (9)(rs (@)<<ry (¢), ¢ & [—n, nt]) is impressed without friction in an elastic half-space z220.
Outside the stamp the surface of the half-space is force-free. For a given settling of the
stamp w, determine the pressure p (r, ¢) in the contact domain S, a non-circular ring ry* (9) <
<< r?(e).

Following /5/, the potential theory problem that occurs here for the half-space 2z >0
can be written in the form
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